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Abstract
Let Γ be a finite 2-arc-transitive Cayley graph of an abelian group. It is shown that either Γ is explicitly
known, or Γ may be represented as a normal or bi-normal Cayley graph of an abelian or a meta-abelian
2-group. In particular, one of three cases occurs: Γ = Kn,n − nK2 where n is even but is not a 2-power, Γ
has 2-power number of vertices, or Γ is a circulant.
c© 2007 Elsevier Ltd. All rights reserved.
1. Introduction
For a graph Γ , denote by V the vertex set and by E the edge set. A graph Γ is a Cayley graph
of a group G if there is a subset S ⊂ G, with S = S−1 := {g−1 | g ∈ S}, such that V may be
identified with G and u is adjacent to v if and only if vu−1 ∈ S. This Cayley graph Γ is denoted
by Cay(G, S). Throughout this paper, denote by 1 the vertex of Cay(G, S) corresponding to the
identity of G.
For a graph Γ and a positive integer s, an s-arc of Γ is a sequence (v0, v1, . . . , vs) of vertices
such that vi−1, vi are adjacent for 1 ≤ i ≤ s and vi−1 6= vi+1 for 1 ≤ i ≤ s − 1. A graph Γ is
called (X, s)-arc transitive where X ≤ AutΓ if X is transitive on s-arcs of Γ . In particular, Γ is
simply called s-arc transitive if it is (AutΓ , s)-arc transitive.
The purpose of this paper is to give a description of Cayley graphs of abelian groups that are
s-arc transitive where s ≥ 2.
Studying s-arc-transitive graphs was initiated by a remarkable result of Tutte (1949) which
says that there exist no finite s-arc-transitive cubic graphs for s ≥ 6. This result of Tutte was
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generalized by Weiss [19] who proved there is no 8-arc-transitive graph of valency at least 3.
Since then, characterizing certain classes of s-arc-transitive graphs with 2 ≤ s ≤ 7 has been one
of the most important topics in algebraic graph theory; see for example [7,16].
A result in [10] shows that s-arc-transitive Cayley graphs with s ≥ 2 are rare. Some special
classes of 2-arc-transitive Cayley graphs have been classified: A class of 2-arc-transitive Cayley
graphs of elementary abelian 2-groups is classified in [7]. The class of 2-arc-transitive circulant
graphs is classified in [1]. (Recall that a Cayley graph of a cyclic group is called a circulant.) The
class of 2-arc-transitive Cayley graphs of dihedral groups is classified in [12]. The classification
results of [1] and [7] motivated the problem of classifying 2-arc-transitive Cayley graphs of
abelian groups; see [12–14] for some partial results.
It is known that a graph Γ is a Cayley graph of a group G if and only if AutΓ contains a
subgroup that is regular on V and isomorphic to G; see [2, Proposition 16.3]. For convenience,
we still denote this regular subgroup by G. If AutΓ contains a normal subgroup that is regular and
isomorphic to G, then Γ is called a normal Cayley graph of G, while for a non-normal Cayley
graph Γ , if AutΓ contains a normal subgroup that is semi-regular on V with exactly two orbits,
then Γ is called a bi-normal Cayley graph. Both normal Cayley graphs and bi-normal Cayley
graphs have some nice properties; see [8,10,11,17,20].
There are some ‘trivial’ examples of 2-arc-transitive Cayley graphs of abelian groups: Cn
(the cycle of length n); Kn (the complete graph with n vertices); Kn,n (the complete bi-partite
graph of valency n); Kn,n − nK2 (the graph obtained by deleting a 1-factor nK2 from Kn,n).
Various interesting families of normal 2-arc-transitive Cayley graphs and bi-normal 2-arc-
transitive Cayley graphs of elementary abelian 2-groups appear in the classification of affine
2-arc-transitive graphs given by Ivanov and Praeger [7]. The well-known hypercubes H(n, 2)
form one family of vertex bi-primitive affine 2-arc-transitive graphs. The following theorem
shows that these known examples form the basic 2-arc-transitive Cayley graphs of abelian
groups, that is, each 2-arc-transitive Cayley graph of an abelian group is a normal cover of one
of these basic graphs.
Theorem 1.1. Let Γ be a connected 2-arc-transitive Cayley graph of an abelian group of valency
at least 3. Then Γ is a normal cover of one of the following graphs: Kn,Kn,n,Kn,n − nK2, vertex
primitive affine 2-arc-transitive graphs, or vertex bi-primitive affine 2-arc-transitive graphs.
Moreover, if Γ  Kn,Kn,n , or Kn,n − nK2, then |V | = 2m with m ≥ 2, and one of the following
holds:
(i) Γ is a normal Cayley graph of an elementary abelian 2-group or a meta-abelian 2-group;
(ii) Γ is a bi-normal Cayley graph of a meta-abelian 2-group.
In particular, Γ is 3-arc transitive if and only if Γ = Kn,n .
The proof of Theorem 1.1 depends on the classification of primitive permutation groups
containing an abelian regular subgroup, given in [9], which in turn depends on the classification
of finite simple groups.
It is easily shown that the graphs Kn,Kn,n are all circulants, and Kn,n − nK2 is a circulant if
and only if n is odd; see Lemma 2.8. Thus Theorem 1.1 has the following consequence, which
answers a question of Potocˇnik [14] in the positive with the exception Kn,n − nK2 for even n.
Corollary 1.2. Let Γ be a 2-arc-transitive Cayley graph of an abelian group. Then one of the
following holds:
(i) Γ is a circulant;
150 C.H. Li, J. Pan / European Journal of Combinatorics 29 (2008) 148–158
(ii) Γ = Kn,n − nK2 where n is even but is not a 2-power;
(iii) Γ has 2-power number of vertices.
The proof of Theorem 1.1 is organized as follows: Section 2 gives a reduction to the primitive
and bi-primitive cases; Section 3 treats the vertex primitive and the vertex bi-primitive cases;
Section 4 completes the proof.
2. A reduction to a primitive or bi-primitive case
In this section, we give a reduction for proving Theorem 1.1.
For a graph Γ and a vertex v ∈ V , let Γ (v) be the neighborhood of v, that is, Γ (v) = {w ∈
V | v is adjacent to w}. Further, for a positive integer i , let Γi (v) = {w ∈ V | the distance
between v and w equals i}.
Let G be an abelian group, and let Γ be a connected undirected Cayley graph of G of
valency at least 3. Assume further that Γ is (X, s)-transitive with vertex set V , where s ≥ 2
and G < X ≤ AutΓ .
Lemma 2.1. The integer s ≤ 3, and if s = 3, then Γ is a complete bi-partite graph.
Proof. Since G is abelian, it follows that Γ contains a cycle of length 4, say (u, v, w, x). Since
Γ has valency at least 3 and is connected, there exists a vertex y ∈ Γ (x) \ {u, w}. Then the 4-arc
(u, v, w, x, u) is not equivalent to the 4-arc (u, v, w, x, y) under AutΓ . Thus s ≤ 3.
Assume that s = 3. Again let (u, v, w, x) be a cycle of Γ of length 4. Since Γ has valency
at least 3 and is connected, there exists a vertex y ∈ Γ (w) \ {v, x}. Since Γ is 3-arc transitive,
the 3-arc (u, v, w, x) is equivalent to the 3-arc (u, v, w, y). Thus y is adjacent to u, and so
Γ (x) ⊆ Γ (v). It follows that Γ ∼= Kn,n , where n = |Γ (v)|. 
The following conclusion is a consequence of the main result of [14] and the characterization
of 2-arc-transitive circulants given in [1].
Lemma 2.2. If Γ is a 2-arc-transitive Cayley graph of an abelian group of order 2n with n odd,
then Γ ∼= Cn,K2n,Kn,n or Kn,n − nK2.
For a Cayley graph Γ = Cay(G, S), let Aut(G, S) = 〈σ ∈ Aut(G) | Sσ = S〉. It is
easily shown that Aut(G, S) is a subgroup of AutΓ that fixes the vertex 1 (the identity of G),
and normalizes the regular subgroup G. Moreover, the normalizer of G in AutΓ is uniquely
determined by Aut(G, S).
Lemma 2.3 ([5, Lemma 2.1]). For a Cayley graph Γ = Cay(G, S), the normalizer NAutΓ (G) =
G : Aut(G, S).
Let K = coreX (G), the core of G in X , which is the largest normal subgroup of X contained
in G. Then we have the following properties:
Lemma 2.4. With the notation defined above, one of the following holds:
(i) G is normal in X and is an elementary abelian 2-group,
(ii) Γ is a complete bi-partite graph,
(iii) K = coreX (G) has at least three orbits in V .
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Proof. Assume first that K is transitive on V . Then in particular K = G. Write Γ = Cay(G, S)
for some subset S ⊂ G. Then by Lemma 2.3, we have X1 ≤ Aut(G, S). Since Γ is connected,
we have 〈S〉 = G, and thus X1 acts faithfully and 2-transitively on S. It follows that all elements
of S are involutions. Since G = 〈S〉 is abelian, we conclude that G is an elementary abelian
2-group, as in part (i).
Assume that K has exactly 2-orbits ∆1 and ∆2 on V . Then Γ is bi-partite with parts ∆1 and
∆2. Let X+ = X∆1 = X∆2 . Then K C X+, and X+ has index 2 in X . Now K is regular on∆1,
and so X+ = K : X1. Suppose that X+ is faithful on ∆1. Then since K is abelian and regular
on ∆1, we have that CX+(K ) = K . Hence G = CX (K ) C X , and so coreX (G) = G > K ,
which is a contradiction. Thus X+ is not faithful on ∆1. Now Γ is locally (X+, 2)-arc transitive
(see [4] for definition), and hence by [4, Lemma 5.2], Γ is a complete bi-partite graph, as in
part (ii). 
For a normal subgroup N C X , the set of N -orbits in V is denoted by VN , called the quotient
set of V induced by N . The normal quotient graph ΓN of Γ induced by N is defined as the graph
with vertex set VN such that two vertices B,C ∈ VN are adjacent if and only if some u ∈ B
is adjacent in Γ to some v ∈ C . If Γ and ΓN have the same valency, then Γ is called a normal
cover of ΓN . The following lemma provides a basic method for studying s-arc-transitive graphs,
which slightly improves [16, Theorem 4.1].
Lemma 2.5. Let Γ be an X-locally primitive graph, where X ≤ AutΓ , and let N C X have at
least three orbits on V . Then
(i) N is semi-regular on V , X/N ≤ AutΓN , and Γ is a normal cover of ΓN ;
(ii) Γ is (X, s)-arc transitive if and only if ΓN is (X/N , s)-arc transitive, where 1 ≤ s ≤ 5 or
s = 7.
Proof. By [16, Theorem 4.1], we only need to prove the sufficient part of part (ii). Thus assume
that ΓN is (X/N , s)-arc transitive. For convenience, let X = X/N and Σ = ΓN . By part (i),
for a vertex v of Γ and a vertex v of Σ , we have that |Γ (v)| = |Σ (v)| and Xv ∼= Xv . Further,
for each positive integer i , the action of Xv on Γi (v) is equivalent to the action of Xv on Σi (v).
Thus, in particular, Γ is (X, s)-arc transitive if Σ is (X , s)-arc transitive, for 1 ≤ s ≤ 5 or s = 7.

The standard double cover of an undirected graph Γ is the undirected graph Γ˜ with vertex
set V × {1, 2} such that two vertices (u, i) and (v, j) are adjacent if and only if i 6= j and u and
v are adjacent in Γ . The graph Γ˜ is bi-partite with bi-partite halves V × {1} and V × {2}. The
following simple properties are easily proved.
Lemma 2.6. (i) If Γ = Kn , then the standard double cover Γ˜ ∼= Kn,n − nK2.
(ii) If Γ is connected (X, 2)-arc transitive, and X = Y × N such that Y is intransitive on V and
N ∼= Z2, then Γ is the standard double cover of the quotient graph ΓN .
A transitive permutation group Y on Ω is said to be bi-primitive if Ω has a Y -invariant
partition Ω = ∆1 ∪ ∆2 such that Y∆1 = Y∆2 is primitive on ∆1 and on ∆2. In this case,
write Y+ = Y∆1 = Y∆2 . The next lemma deals with the case where the core K has at least three
orbits.
Lemma 2.7. Assume that K = coreX (G) has at least three orbits on V . Let X = X/K and
G = G/K. Then the following statements hold:
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(i) ΓK is (X , 2)-arc transitive and Γ is a cover of ΓK ;
(ii) ΓK is a Cayley graph of the abelian group G;
(iii) X is primitive or bi-primitive on VK .
In particular, if K = 1, then X is primitive or bi-primitive on V .
Proof. By Lemma 2.5, part (i) holds. Since G < X and G is regular on the quotient set VK , the
quotient graph ΓK may be identified with a Cayley graph of the abelian group G, as in part (ii).
Let B be an X -invariant partition of V such that |B| is minimal subject to |B| ≥ 3. Then X acts
primitively or bi-primitively on B. Let M, N be the kernels of G, X acting on B, respectively.
Then M ≤ N C X . Since G is transitive on V , G/M is a transitive permutation group on B.
Since G/M is abelian, G/M is regular on B. It then follows that M is regular on each block in
B. Thus N is transitive on each block in B, and so B is the set of N -orbits in V . It follows from
Lemma 2.5 that N is semi-regular on V . Hence M = N C X , and so N ≤ coreX (G) = K .
Since X acts primitively or bi-primitively on B, X/N = X/M is a primitive or bi-primitive
permutation group on B. Suppose that M < K . Then K/M is a non-trivial normal subgroup of
X/M . Since X/M is primitive or bi-primitive on B, K/M has at most two orbits on B, and hence
K has at most two orbits on V , which is a contradiction. Thus M = K ,B = VK , and X = X/M
is primitive or bi-primitive on VK , as in part (iii). 
We end this section with a lemma, from which, together with Theorem 1.1, the proof of
Corollary 1.2 follows.
Lemma 2.8. Let Γ = Kn,n − nK2. Then Γ is a circulant if and only if n is odd.
Proof. If n is odd, then Γ ∼= Cay(〈a〉, S), where 〈a〉 = Z2n , and S = 〈a〉 \ (〈a2〉 ∪ 〈an〉). So Γ
is circulant.
Conversely, assume that Cay(G, S) ∼= Kn,n − nK2 = Γ , where G = 〈a〉 ∼= Z2n . Let
X = AutΓ , and let ∆1 and ∆2 be the bi-partitions of the bi-partite graph Γ . Note that Γ has
diameter 3. Hence V has two X -invariant partitions B1 and B2, where B1 = {∆1,∆2}, and
B2 = {B1, B2, . . . , Bn} with each Bi consisting of two antipodal vertices (with distance 3). Let
Ni be the kernel of X acting on Bi , where i = 1 or 2. Then Gˆ ∩ N2 is transitive ∆ j with j = 1
or 2, and Gˆ ∩ N2 is transitive on B j with j ∈ {1, 2, . . . , n}. Suppose that n is even. It follows
that both Gˆ ∩ N1 and Gˆ ∩ N2 contain an involution, and these are obviously distinct. So Gˆ is not
cyclic, which is a contradiction. Hence n is odd. 
3. Primitive and bi-primitive cases
The proof of Theorem 1.1 depends on the classification of finite primitive permutation groups
containing an abelian regular subgroup, given in [9], which is stated in the following theorem.
Theorem 3.1. Let X be a primitive permutation group of degree n. Then X contains an abelian
regular subgroup G if and only if either
(1) Zdp ≤ X ≤ AGL(d, p), where p is a prime, d ≥ 1, and n = pd ; or
(2) X = (T˜1×· · ·× T˜l). H, and G = G1×· · ·×Gl , where l ≥ 1, each Gi < T˜i , T˜1 ∼= · · · ∼= T˜l ,
H ≤ Sl , and one of the following holds:
(i) (T˜i ,Gi ) = (PSL(2, 11),Z11), (M11,Z11), (M12,Z22 × Z3), (M23,Z23);
(ii) T˜i = PGL(d, q), and Gi is a Singer subgroup (∼= Z qd−1
q−1
);
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(iii) T˜i ∼= PΓL(2, 8), Gi ∼= Z9 which is not a Singer subgroup;
(iv) n = ml , T˜i ∼= Sm or Am , and |Gi | = m.
Next we give an improvement of Corollary 1.4 of [9] concerning almost simple transitive
permutation groups containing an abelian regular subgroup, which will be used later.
Corollary 3.2. Let X be an almost simple group. Assume that X is a permutation group on Ω
containing an abelian regular subgroup G. Then X is 2-transitive on Ω , and is explicitly listed
below:
(i) (X,G) = (PSL(2, 11),Z11), (M11,Z11), (M12,Z22 × Z3), or (M23,Z23);
(ii) PGL(d, q) ≤ X ≤ PΓL(d, q), and G is a Singer subgroup;
(iii) X ∼= PΓL(2, 8), G ∼= Z9 which is not a Singer subgroup;
(iv) X ∼= Am or Sm , where m = |Ω |.
In particular, CAut(X)(G) = G.
Proof. By [9, Corollary 1.4], we only need to exclude the case where X = Aut(M12) = M12.Z2
and |Ω | = 24. In this case, the socle T = soc(X) = M12 has exactly two orbits in Ω , and
G∩T ∼= Z22×Z3. Thus G ∼= Z32×Z3 or Z2×Z4×Z3, and so there exists an element g ∈ G \T
such that o(g) = 6 or 12, respectively. By the Atlas [3], the centralizer of an element in X \ T of
order 6 or 12 in T has order 6. However, as G is abelian, Z22 × Z3 ∼= G ∩ T ≤ CT (g), which is
a contradiction. 
Let Γ be a connected 2-arc-transitive Cayley graph of an abelian group G, with vertex set V .
Assume that G < X ≤ AutΓ is such that Γ is (X, 2)-arc transitive. First we consider the case
where X is primitive on V .
Lemma 3.3. Assume that X is primitive on V . Then either
(i) X is an affine primitive permutation group of 2-power degree, or
(ii) X is an almost simple group and acts 3-transitively on V .
Proof. Assume first that X is an affine primitive permutation group on V . Then N := soc(X) ∼=
Zdp where p is a prime and d ≥ 1, and N is regular on V . Hence we may write Γ ∼= Cay(N , S)
for some S ⊂ N . By Lemma 2.3, the group Aut(N , S) is 2-transitive on S. It follows that all
elements of S are involutions. Since N is abelian, p = 2 and so |V | = |G| = |N | = 2d .
Assume next that X is not an affine group. Then by Theorem 3.1, the group X = (T˜×· · ·×T˜l).
H satisfies part (2) of Theorem 3.1. Suppose that l ≥ 2. Then X is a primitive permutation group
of product action type. However, by [15], this is not possible. Thus l = 1, and X is an almost
simple group. By Corollary 3.2, we have that X is 2-transitive on V , and hence Γ is a complete
graph. Further, as Γ is (X, 2)-arc transitive, X is 3-transitive on V . 
The bi-primitive case is described by the next lemma.
Lemma 3.4. Assume that X is bi-primitive on V with bi-partition ∆1 ∪ ∆2. Then one of the
following holds:
(i) X+ is unfaithful on ∆i , Γ ∼= Kn,n , and X has a normal subgroup K1 × K2 which is edge
transitive on Γ such that K1 ∼= K2 and Ki ∼= K∆3−ii is transitive on ∆3−i . Further, either
(a) Γ is (X, 3)-arc transitive, or
(b) (X+)∆i is affine, and Ki is not 2-transitive on ∆3−i .
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(ii) X+ ∼= (X+)∆i is faithful, and either
(a) X+ is an affine primitive permutation group on ∆i , or
(b) X+ is an almost simple group, X = X+ × Z2 and Γ ∼= Kn,n − nK2.
Proof. Since X is bi-primitive on V , the graph Γ is bi-partite with parts ∆1 and ∆2 such that
X+ = X∆1 = X∆2 is primitive on both∆1 and∆2. Let G+ = G ∩ X+. Then X+ and G+ have
index 2 in X and G, respectively; in particular, X+ C X and G+ C G. Further, G+ < X+ and
G+ is regular on both ∆1 and ∆2.
Suppose that X+ is unfaithful on ∆1. Let Ki be the kernel of X+ acting on ∆i , where i = 1
or 2. Then K1 acts on ∆2 non-trivially. Since (X+)∆2 is primitive, we conclude that K∆21 is
transitive. Similarly, K2 is transitive on ∆1. It follows that each vertex in ∆i is adjacent to all
vertices in∆3−i where i = 1 or 2, and so Γ ∼= Kn,n . Since Γ is (X, 2)-arc transitive, there exists
g ∈ X that interchanges∆1 and∆2. This element g normalizes X+ and interchanges K1 and K2.
Thus, in particular, K1 ∼= K2. Let K = K1K2. Then K = K1 × K2 C X , and K is transitive on
the set of edges of Γ . For a vertex v ∈ ∆1, we have Γ (v) = ∆2. Since Ki fixes each vertex in∆i
and is faithful on∆3−i , we have K∆2 ∼= K∆2v ∼= K∆21 ∼= K1, and so 1 6= K∆2v C X∆2v = XΓ (v)v .
Since XΓ (v)v is 2-transitive, we have K
∆2
v ≥ soc(XΓ (v)v ). Suppose that (X+)∆2 is almost simple.
Since 1 6= K∆2 C (X+)∆2 , we have that K∆2v ∼= K∆2 is almost simple. As K∆2v C XΓ (v)v ,
we conclude that XΓ (v)v is almost simple. On the other hand, since (X+)∆2 contains the regular
abelian subgroup G+, by Corollary 3.2, (X+)∆2 is 2-transitive, and it follows that KΓ (v)v ∼= K∆2
is 2-transitive. Let u ∈ ∆1 \ {v} and w ∈ ∆2. Then (K1)uwv = (K1)vw and (K1)vw is transitive
on ∆2 \ {w} = Γ (v) \ {w}. It follows that Γ is (X, 3)-arc transitive.
Assume now that X+ is faithful on ∆1 and ∆2. Then X+ satisfies part (1) or part (2) of
Theorem 3.1.
Suppose that X+ satisfies part (2) of Theorem 3.1 with l ≥ 2, that is, X+ is a primitive
permutation group of product action type on ∆i , where i = 1 or 2. Then X+ has a normal
subgroup Y+ = T˜1×· · ·× T˜l such that Ri < T˜i and G+ = R1×· · ·× Rl . We observe that since
G is regular on V , there exists an element g ∈ G that interchanges ∆1 and ∆2. It follows that
X = 〈X+, g〉 and G = 〈G+, g〉. Since G is abelian, g centralizes G+, and so g centralizes each
Ri . It follows that g normalizes every T˜i . By Corollary 3.2, the centralizer CAut(T˜i )(Ri ) = Ri .
We further conclude that g centralizes T˜i , and so g centralizes Y+, that is, g ∈ CX (Y+) C X .
Let N = CX (Y+). Then N ∩ Y+ = 1, NY+ = N × Y+ C X , and N C X . It then follows that
N = 〈g〉 ∼= Z2. Hence the normal quotient ΓN admits an automorphism group X/N which acts
primitively as a product action type on the vertices and transitively on the 2-arcs of ΓN . By [15],
this is not possible.
Hence either X+ is of affine type, as in part (ii) (a) of the lemma, or X+ is an almost simple
group. In the latter case, we have X = X+. Z2, and X+ is as in part (2) of Theorem 3.1 with
l = 1. Note that CX (G+) ≥ G, and by Corollary 3.2, CAut(X+)(G+) = G+, it follows that
X = X+ × Z2. By Lemma 2.6, Γ is a standard double cover of the complete graph Kn , and so
Γ = Kn,n − nK2, as in part (ii) (b). 
4. Proof of Theorem 1.1
Let Γ be a connected (X, 2)-arc-transitive Cayley graph of an abelian group G such that
G < X ≤ AutΓ . Let K = coreX (G) and C = CX (K ). Then G ≤ C C X . For convenience,
denote by Σ the quotient graph ΓK , and then denote by V and W the vertex sets of Γ and Σ ,
respectively.
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If K has at most two orbits in V , then by Lemma 2.4, either G is normal in X and is an
elementary abelian 2-group, as in Theorem 1.1(i), or Γ is a complete bi-partite graph, as in
Theorem 1.1. On the other hand, if K = 1, then by Lemma 2.7, X is primitive or bi-primitive,
and hence by Lemmas 3.3 and 3.4, Theorem 1.1 holds.
Thus, from now on, we assume that K 6= 1 and K has at least three orbits on V . Then G is
not normal in X ; it follows that G < C and C is not regular on V . Hence 1 6= C1 C X1, and
1 6= CΓ (1)1 C XΓ (1)1 . Since XΓ (1)1 is 2-transitive, CΓ (1)1 is transitive and Γ is C-arc transitive.
Let X = X/K , C = C/K and G = G/K . By Lemma 2.7, X is primitive or bi-primitive on
W , and contains an abelian regular subgroup G. Further, Γ is a cover of Σ and X is an extension
of K by X .
Lemma 4.1. Assume that X is primitive on W. Then one of the following holds:
(1) X is almost simple, Σ ∼= Kn , and Γ = Kn,n − nK2 is the standard double cover of Σ .
(2) X is affine on W, and Γ is a normal Cayley graph of an elementary abelian 2-group or a
meta-abelian 2-group.
Proof. Assume first that X is an almost simple group. By Corollary 3.2, X is 2-transitive on
W , and so Σ is a complete graph. Since Σ is (X , 2)-arc transitive, we further have that X is
3-transitive on W . By the assumption that 1 6= K < G, we have that 1 6= C C X , and
C contains the abelian regular subgroup G. Since X is almost simple, C is an almost simple.
Further, noticing that C contains the abelian regular subgroup G and X is 3-transitive on W ,
it follows from Corollary 3.2 that C is 3-transitive permutation group on W , and one of the
following statements holds:
(i) C = X = M11, M12, or M23;
(ii) PGL(2, q) ≤ C ≤ X ≤ PΓL(2, q), and G ∼= Zq+1;
(iii) An ≤ C ≤ X ≤ Sn , and if n is even then C = X = Sn .
We conclude that Σ is (C, 2)-arc transitive, and hence by Lemma 2.5, Γ is (C, 2)-arc
transitive. Moreover, for a vertex σ of Σ , the stabilizer Cσ satisfies the following:
C M11 M12 M23 PGL(2, q). f An .e
Cσ M10 M11 M22 AGL(1, q). f An−1.e
where f | d for q = pd with p prime, and e = 1 or 2.
Now K is the center of C , and C is a central extension of K by C . By [6, Table 4.1], if
C = M11 or M23 then the Schur Multiplier of C equals 1, and for the other cases, either the
Schur Multiplier of C is isomorphic to Z2, or C = S6 and its Schur Multiplier is isomorphic
to Z6. Thus C ∼= K × C , K ◦ (Z2.C), or K ◦ (Zm .C) with m = 3 or 6 and C = S6. So C
has a normal subgroup N such that C = K ◦ N , where N ∼= C,Z2.C , or Zm .C with m = 3
or 6 and C = S6. Suppose that N ∼= Z2.C . Since Z2.PGL(2, q). f has no subgroup isomorphic
to AGL(1, q). f , C 6= PGL(2, q). f . Since Z2.An .e has no subgroup isomorphic to An−1.e with
e = 1 or 2, C 6= An .e. We conclude one of the following possibilities: N ∼= C, N ∼= Z2.M12, or
N ∼= Zm .C with m = 3 or 6 and C = S6.
Suppose that N ∼= C . Then C = K × C∗, where C∗ ∼= C , and the normal subgroup C∗
of C has |K | orbits on V . If |K | > 2, then by Lemma 2.5, the normal quotient graph ΓC∗ is
(C/C∗, 2)-arc transitive. But C/C∗ ∼= K is abelian, which is not possible. Hence |K | = 2, and
C = K × C∗ ∼= Z2 × C∗. By Lemma 2.6, Γ ∼= Kn,n − nK2.
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Suppose that N ∼= Z2.M12. By [18], K12,12 and K12,12 − 12K2 are the only arc-transitive
graphs of order 24 with automorphism group of order 2|M12| = 190 080. It follows that
Γ = K12,12 − 12K2.
Suppose that N ∼= Zm .C with m = 3 or 6 and C = S6. If 9 divides |K |, then the normal
quotient ΓN is (C/N , 2)-arc transitive, and C/N ∼= K/Zm is abelian, which is not possible.
Thus 9 does not divide |K |. Let K3′ be the Hall 3′-subgroup of K . Then K3′ is normal in C ,
and the normal quotient ΓK3′ is (C/K3′ , 2)-arc transitive. Now C/K3′
∼= Z3.S6, and ΓK3′ has 18
vertices. However, by [18], there is no such a graph such that its automorphism group has order
divisible by 5.
Assume next that X is a primitive affine group. By Lemma 3.3, the socle N := soc(X) ∼= Zd2 .
Since G ≤ C C X , we have that G ≤ C C X , and so N E C . Thus K .N is a central extension of
N by K . Now the meta-abelian group M := K .N is normal in X and regular on V . If K is not a
2-group, then a Sylow 2-subgroup P of M is a characteristic subgroup of M , and so P is normal
in C . The corresponding normal quotient graph ΓP is (C/P, 2)-arc transitive, and is a Cayley
graph of M2′ such that M2′ is normal in C/P , which is not possible. Thus K is a 2-group, and M
is a meta-abelian 2-group. Now Γ = Cay(M, S), where S consists of involutions and M = 〈S〉.
Moreover, suppose that M is abelian. Since M is generated by a collection of involutions, we
conclude that M is elementary abelian, and so Γ is an affine graph. 
From now on we assume that X is bi-primitive, that is, Σ is bi-partite with parts ∆1 and ∆2,
and (X
+
)∆i is a primitive permutation group, where i = 1 or 2.








)∆i is almost simple. Suppose now that X
+ ∼= (X+)∆i is faithful. Let
G
+ = G ∩ X+. Then G+ < X+ C X . If X  X+ × Z2, then X ≤ Aut(X+). However, by
Corollary 3.2, we have that G ≤ CX (G+) ≤ CAut(X+)(G
+
) = G+, which is a contradiction.
Hence X = X+ × Z2, and so the subgroup K .Z2 < G is normal in X , which is again a
contradiction since K = coreX (G). Therefore, X+ is unfaithful on∆i . By Lemma 3.4(i), ΓK is
(X/K , 3)-arc transitive. Thus by Lemma 2.5, Γ is (X, 3)-arc transitive, and hence by Lemma 2.1,
Γ = Kn,n . 
To complete the proof of Theorem 1.1, we need to treat the bi-primitive case with (X
+
)∆i
affine. Thus assume that (X
+
)∆i is a primitive permutation group of affine type.
Lemma 4.3. Suppose that X+ is faithful on ∆i . Then X has a normal meta-abelian 2-subgroup
that is semi-regular and has exactly two orbits on V .
Proof. Let N = soc(X+), and G+ = G ∩ X+. Then X+ = N : X+v , where v is a vertex, and
X = X+.Z2 = (N : X+v ).Z2. It follows that K .N is normal in X . Since 1 6= C C X , we have
N C C . Hence K .N < C , and K .N is a central extension of K by N . Since N is regular on ∆i ,
it follows that K .N is semi-regular on V and has exactly two orbits on V .
Assume that p = 2. Suppose further that K is not a 2-group. Then a Sylow 2-subgroup
P of K .N is a characteristic subgroup of K .N , and so P is normal in X . The corresponding
C.H. Li, J. Pan / European Journal of Combinatorics 29 (2008) 148–158 157
normal quotient graph ΓP is a Cayley graph of K2′ which is (X/P, 2)-arc transitive and C/P-
arc transitive. However, the abelian group K2′ is centralized by C/P , which is not possible. Thus
K is a 2-group, and K .N is a meta-abelian 2-group.
Assume next that p is odd. Suppose that K has even order. Then K .N = K2 × (K2′ .N ),
where K2 is the Sylow 2-subgroup of K and K2′ is the Hall 2′-subgroup of K . Let M = K2′ .N .
Then M C X , and so ΓM is a Cayley graph of K2, and is (X/M, 2)-arc transitive and C/M-arc
transitive. However, the abelian group K2 is centralized by C/M , which is not possible. So K
has odd order. It follows that G ∼= G2′ × Z2. By Lemma 2.2, we conclude that Γ ∼= Kn,n or
Kn,n − nK2. 
Finally, we treat the unfaithful case.
Lemma 4.4. Assume that X+ is unfaithful on ∆i . Then either Γ ∼= Kn,n or Kn,n − nK2, or X
has a normal meta-abelian 2-subgroup that is semi-regular and has exactly two orbits on V .
Proof. Let Ki be the kernel of X
+
acting on ∆i , where i = 1 or 2. Then Ki ∼= K∆3−ii C
(X+)∆3−i . Let Si = soc(Ki ). Then the Si are the only minimal normal subgroups of X+. Let
C
+ = C ∩ X+ C X+. Then C+ contains at least one of S1 and S2. Since G is transitive on V
and G < C , there exists g ∈ G ⊂ C such that g interchanges ∆1 and ∆2. Thus K gi = K3−i for
i = 1 and 2, and so Sgi = S3−i . Hence S1 × S2 ≤ C , and so K .(S1 × S2) ≤ C .
Let D = 〈(x, xg) | x ∈ S1〉. Then D C X and D is regular on both ∆1 and ∆2. Thus K .D is
semi-regular and has exactly two orbits on V . Further, K .D is a central extension.
Now Si ∼= Zdp for some prime p and some positive integer d. Let K p be a Sylow p-subgroup
and K p′ a Hall p′-subgroup of K . Then K p′ is a Hall p′-subgroup of K .D, and thus K .D =
P × K p′ , where P = K p.D is a Sylow p-subgroup of K .D. It K p′ 6= 1, then the normal
quotient ΓP is a (X/P, 2)-arc-transitive and (C/P)-arc-transitive Cayley graph of K p′ . But K p′
is centralized by C/P , which is not possible. So Dp′ = 1, and K .D is a meta-abelian p-group.
If p > 2, then |∆1| is odd, and by Lemma 2.2, the graph Γ ∼= Kn,n or Kn,n − nK2. If p = 2, the
meta-abelian group K .D is a 2-group. 
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